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Abstract 
Chen CC., K.M. Koh and Y.H. Peng, On the higher-order edge toughness of a graph, Discrete 
Mathematics 111 (1993) 113-123. 
For an integer c, 1 <c < 1 V(G) I- 1, we define the cth-order edye toughness of a graph G as 
The objective of this paper is to study this generalized concept of edge toughness. Besides giving the 
bounds and relationships of the cth-order edge toughness T,(G) of a graph G, we prove that ‘s,(G) 2 k 
if and only if G has k edge-disjoint spanning forests with exactly c components’. We also study the 
‘balancity’ of a graph G of order p and size q, which is defined as the smallest positive integer c such 
that r,(G)=q/( p-c). 
1. Introduction 
Throughout this paper, we allow multiple edges but no loops in all the graphs under 
consideration. The number of components of a graph G will be denoted by w(G). 
Toughness of graphs was first studied by ChvAtal [l], where he defined the 
toughness of a graph G as 
t(G) = min Xc V(G) & w(G-X)> 1 
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However, if we define the edge toughness of G analogously as 
r(G)=min XcE(G) & o(G-X)> 1 , 
then it is not difficult to see that s(G) = E.(G)/2, where j>(G) denotes the edge connect- 
ivity of G. Hence, it is not of much interest. 
In [2] and [S], respectively, Nash-Williams and Tutte proved the following result. 
Theorem 1.1. A graph G has k edge-disjoint spanning trees if and only if 
IXI>k(w(G-X)-1)for each XsE(G). 
Motivated by this result, Peng et al. [4] introduced the following definition of edge 
toughness ri(G) of a graph G: 
ti (G) = min 
/XI 
w(G-X)-l 
XsE(G) & w(G-X)> 1 . 
Thus, as an immediate consequence of the definition and Theorem 1.1, we have the 
following result. 
Corollary. A graph G has k edge-disjoint spanning trees if and only if ~~ (G) 2 k. 
This definition of the edge toughness of a graph also admits a natural generalization 
as follows. 
Let c be a natural number. A subset X of E(G) is called a c-cut of G if w(G - X) > c. 
Thus, a l-cut of G is just an edge cut of G. We denote by i”‘(G) the size of a smallest 
c-cut of G, called the cth-order edge connectiuity ofG. Note that 1@‘(G) exists for each 
c= 1,2, . . . . IV(G)/-1. Also, if w(G)bcdlV(G)I-1 and XzE(G) is a c-cut of size 
n@‘(G) then w(G-X)=c+ 1, whereas if c<w(G) then %@‘(G)=O. 
For an integer c, 1 <c < 1 V(G) I - 1, we define the cth-order edge toughness of a graph 
G as 
r,(G)=min 
IX1 
w(G-X)-c 
XgE(G) & w(G-X)>c 
The objective of this paper is to study this generalized concept of edge toughness. 
Besides giving the bounds and relationships of the cth-order edge toughness r,(G) of 
a graph G, we shall prove that ‘z,(G) > k if and only if G has k edge-disjoint spanning 
forests with exactly c components’, thus generalizing the corollary to Theorem 1.1. We 
shall also study the ‘balancity’ of a graph G of order p and size q, which is defined as 
the smallest positive integer c such that ~,(G)=q/(p-cc). 
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2. Bounds for r,(G) 
In [4], sharp bounds for r,(G) are given. In the following theorem, we extend this 
result to higher-order edge toughness. 
Theorem 2.1. Let G be a graph of order p and let c be an integer with 1~ c < p - 1. Then 
PI.(G) 
2(P-C) 
<z,(G)dP’(G). 
Proof. The result is clear if o(G) > c. We may assume that w(G) d c. Then there exists 
a c-cut X0 of G with E.“‘(G)=IX,I and, hence, w(G-X,)=c+ 1. Thus, 
TAGI d 
I& 
o(G-X,)-c 
=,$“(G). 
On the other hand, let X be a c-cut of G minimizing IXl/(o(G - X)- c). Let 
HI, Hz, . , H, be the components of G-X. Then t > c. For each i, let Xi be the set of all 
edges in X with one end in Hi. By the minimality of X, no edge of X has both of its 
ends in the same component of G-X. Thus, 
21X1= i lXil>t/l(G) 
i=l 
since lXil 23.(G) for each i. From this we have 
T (G)_ 1x1, t4G) , PA(G) 
C 
q 
t-/2(t-c)‘2(p-cj 
Corollary. Let G be a graph of order p, size q and let c be an integer, with 1 <c<p- 1. 
Then s,(G)bq/(p- 1). 
Proof. This follows immediately from Theorem 2.1 and the fact that i.,(G) d q/(p - l), 
since E(G) is a c-cut of G. 0 
Remark. The bounds in Theorem 1.1 are attainable. For 
G=K2cu~KI, in which each K, is joined to exactly 
z,(G)=pA(G)/2(p-cc) for G= C,, the cycle of order p. 
3. Enumerating spanning c-forests 
example, s,(G) = I.(‘)(G) for 
one vertex of Kzc. Also, 
By the corollary to Theorem 1.1, we see that tI(G) provides us with a means to 
count the number of edge-disjoint spanning trees in a graph G. Let us call a forest with 
c components a c-forest. We shall show in the section that t,(G), in fact, serves the 
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purpose as a mean in determining the number of edge-disjoint spanning c-forests in 
a graph G. We first prove the following result. 
Theorem 3.1. Let G be a graph with p vertices and q edges, and let s = q/(p - c), where 
c is an integer satisfying 1 d c dp - 1. Then z,(G) = s if and only if 
for every subgraph H of G. 
Proof. Suppose that r,(G)=s. Let H be any subgraph of G with p’ vertices and q’ 
edges. Without loss of generality, we may assume that H is an induced subgraph of G. 
If p’>p-c then it is obvious that q’<s(p’- 1). Otherwise, let x be the cardinality of 
the c-cut X=E(G)-E(H) of G. Then q=q’+x and w(G-X)>p-p’+l. Therefore, 
we have 
IX/ x 
s6 
o(G-X)-c’p-p’-c+ 1 
or 
s(p-c)-s(p’-l)dx=q-q’. 
Hence, 
q’<s(p’- l), 
as required. 
Conversely, let X be any c-cut of G separating G into t components HI, Hz, . . . . H,. 
Then, for each component Hi, 
IE(Hi)lds(IV(Hi)l -1). 
Thus, 
S(P--C)=q= i IE(Hi)I + 1x1 
i=l 
Q i S(lV(Hi)l-l)+IXI 
i=l 
Therefore, 
=sp-st+(X(. 
,<E! 
‘t-c 
and, by definition, z,(G)>s. On the other hand, by the corollary to Theorem 2.1, 
r,(G)<s. Thus, we have the desired result. 0 
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Corollary. Let G be a graph with p vertices and q edges, and let s = q/(p - c), where c is 
an integer satisfying 1 < c d p - 1. Then s,(G) = s if and only if 
for every 2-connected subgraph H of G. 
Proof. This follows immediately from the fact that, for any two subgraphs Hi (i= 1,2) 
of G of order pi and size qi, if H, and Hz have at most one vertex in common and if 
(q1+92)l(p1+p2-2)>q/(p--), then either qIl(pI-l)>q(p--c) or q&-f)> 
4(P-c). 0 
Recall that the arboricity of a graph G is the smallest number of forests whose union 
is G. We shall need the following result due to Nash-Williams [3]. 
Theorem 3.2. Let G be a graph. Then the arboricity of G is 
where the maximum is taken over all nontrivial subgraphs H of G. 
Let e(G) denote the number of edges of a graph G. We shall also need the following 
lemma. 
Lemma 3.3. If Fl and pz are spanning forests of a graph G, with e(Fl)>e(F2), then 
there exists an edge cx~E(3~) such that F2 +a is a forest. 
Proof. Assume that F2 is the disjoint union of the trees T,, T2, . , T, whose orders are 
pl, p2, , pm, respectively. If, for each edge E in YI, & + M is not a forest, then both 
ends of cz must be vertices of some z. As all edges of FI joining vertices of z must not 
contain any cycle, the number of such edges must be at most pi- 1. Therefore, the 
number of edges of PI will be at most ( p1 - 1) + ( p2 - 1) + . .. + (pm - 1) and, so, at most 
e(F2), a contradiction. Thus, we conclude that there must be some edge z in 9r such 
that & + E is a forest. 0 
Lemma 3.4. If G has k edge-disjoint spanning c-forests, then z,(G) > k. 
Proof. Assume that G has k edge-disjoint spanning c-forests F,, F2, . . . . Fk. Let X be 
any c-cut of G, and let the components of G-X be HI, Hz, . . . , H,, where t > c. As each 
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Fi has exactly c components, Fi must contain t -c edges between distinct His. That is, 
IE(Fi) n X 13 t-c for each i. Hence, 
IX13 2 IE(F,)nXI>k(t-c). 
i=l 
From this. we have 
Ix1 >k. 
o(G-X)-c' ’ 
so, t,(G) 2 k, as required. 0 
Lemma 3.5. If G is a graph with z,(G) > k, then G has k edge-disjoint spanning c-forests. 
Proof. We shall prove the result by induction on e(G). If e(G)=O, then the result is 
trivially true, as r,(G) = 0 and G contains no edge-disjoint spanning c-forests. Assume 
that the result is true for all graphs G with e(G)< n and consider a graph G with 
e(G)=n and z,(G)ak. Let X be a c-cut of G such that IXI/[w(G-X)-c]=tc(G)>/k. 
Then G - X has t components: Hi, Hz, . . . , H,, t > c. We have the following two cases to 
consider. 
Case 1. Not all Hi’s are singletons. 
In this case, let Hi be any component with e(Hi)a 1. 
Claim 1. r,(Hi)> k. 
Indeed, suppose to the contrary that 5,(Hi)< k. Let Y be a l-cut of Hi, with 
IY~/[o.I(H~- Y)- l] =T,(Hi). Then 
IYI <k< 1x1 
o(Hi- Y)- 1 o(G-X)-c 
Ixl+lyI 1x1 
j o(G-X)-c+o(Hi- Y)-1 <w(G-X)-C 
IXU YI =G- 
o(G-(Xu Y))-c 
<G(G), 
where Xu Y is a c-cut of G. This contradicts the minimality of r,(G), establishing 
Claim 1. 
Now, let G* be the graph whose vertices are HI, Hz, . . . , H, and every edge in X from 
a vertex in Hi to a vertex in Hj gives rise to an edge of G* from the vertex Hi to the 
vertex Hj. Intuitively speaking, G* is obtained from G by identifying all the vertices in 
Hi and keeping all the edges between two distinct Hi’s. 
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Claim 2. t,(G*)b k. 
Indeed, suppose to the contrary that z,(G*)<k. Let Z be a c-cut of G*, with 
r,(G*)=(ZI/[o(G*-Z)-c]. Obviously, the same Z gives rise to a c-cut of G with 
w(G-Z)=w(G*-Z). Hence, 
IZI 
w(G-Z)-c 
<kdz,(G), 
again a contradiction to the minimality of z,(G). This establishes Claim 2. 
By Claim 1 and Theorem 1.1, each Hi with e(Hi)>, 1 contains k edge-disjoint 
spanning trees. By Claim 2 and inductive hypothesis, G* contains a family F* of 
k edge-disjoint spanning c-forests. A c-forest of F* gives rise to a forest of G with 
more than c components, which can be gathered into a c-forest of G by associating 
a distinct spanning tree T for each Hi, with e(Hi)3 1. In this way, we obtain 
k edge-disjoint c-forests of G, as required. 
C&e 2. Each Hi is a singleton. 
In this case, t,(G)= q/(p-c), where p is 
then for any edge e of G and any c-cut X 
the order and q the size of G. If r,(G) > k, 
of G-e, we see that 
IXI=IXu(e)I-l>k(w(G-(Xu{e})-c))-1 
=z-z,(G-e)bk 
since X u {e} is a c-cut of G. 
Hence, by inductive hypothesis, G-e contains k edge-disjoint spanning c-forests 
which are also spanning c-forests of G. 
Hence, we may assume that t,(G)= k= q/(p-cc). By Theorem 3.1, e(H)< 
k( I V(H)1 - 1) for any subgraph H of G. That is, e(H)/( I V(H)1 - 1) d k for any nontrivial 
subgraph H of G. Hence, by Theorem 3.2, the arboricity of G is less than or equal to 
k and, so, G is the union of k edge-disjoint spanning forests. By Lemma 3.3, we may 
assume that each of these forests has exactly p-c edges, which is thus a c-forest. q 
Combining Lemmas 3.4 and 3.5, we have the following theorem. 
Theorem 3.6. A graph G has k edge-disjoint spanning c forests if and only $z,(G)> k, 
where c= 1,2, . . . . p- 1 and k is a nonnegative integer. 
Remark. The above theorem can also be derived from a more general result on 
matroids (see Theorem 1 of Section 8.4 in [6]). 
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4. Balancity of a graph 
By Theorem 3.1, it is easy to see that, for a graph G of order p and size q, if 
z,(G)=q/(p-c), where 1 <c<p- 1, then zi(G)=q/(p-_i) for any i=c,c+ 1, . . ..p- 1. 
We shall call the least integer r with t,(G)=q/(p-r) the balancity of G and denote it 
by b(G). Note that the balancity exists since t,(G) = q/(p - r) if r =p - 1. In general, it is 
difficult to determine the balancity of a graph. In this section, we shall first determine 
the balancity of a special class of graphs and use this to find an upper bound for the 
balancity of an arbitrary graph. 
A vertex gluing of a graph G and a forest F is a graph obtained from G v F by 
identifying a vertex of each component of F with a vertex in G. 
Lemma 4.1. Let F be a forest of size s and G a vertex gluing of the complete graph K, 
(n>2) and F. Then we have 
b(G)= s+l-; . 1 1 
Proof. By Theorem 3.1, the balancity of G is the smallest t (3 1) such that 
where the maximum is taken over all nontrivial subgraphs H of G. It is clear that 
zT(G)=n/2. Thus, 
IE(G)I n n(n-1)+2s 2s 
TT(G)$,(~),_~ 0 ?< 2(n+s_t) 0 l+s-;<t. 
Therefore, we have the required result. 0 
We now give an upper bound for the balancity of an arbitrary graph. 
Theorem 4.2. For any graph G, 1 <b(G) <rp + 3 -&I . 
Proof. The left inequality is clear from the definition. To prove the other inequality, 
let G be a simple graph of order p and size q. Let t(G) be the largest integers such that 
where the maximum is taken over all nontrivial subgraphs H of G. Let F, denote 
a vertex gluing K, (2 <m <p) and a forest of size p-m. We first claim that 
max{ t(F,)] > t(G), where the maximum is taken over all graphs F,,,. We proceed to 
prove this claim as follows. 
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Let H’ be a subgraph of G of order PI and size q1 such that 
Construct a new graph G’ from G by: 
(i) joining every pair of nonadjacent vertices in H’, and 
(ii) deleting an edge of G - E(H’), without disconnecting G, until no cycle remains. 
Note that 1 V(G’)I = 1 V(G)1 =P and G’ is an F,,. Let h, and hz be the numbers of 
edges added and deleted in steps (i) and (ii), respectively. Since ql/(pl - l)> q/(p- s) 
and q, <q, we have p1 - 1 <p--s. Thus, 
r:(G)> 
IE(( WU)w)I _ 41 + h 
I V< Wf’)),~)I - 1 PI- 1 
>q+h2q+h,-k2 4 
P--s p-s =- P-S’ 
where q’=IE(G’)(. This means that max{t(F,,,)}>t(G’)3s=t(G) and the claim 
follows. 
Now, note that t(F,,J=b(F,)- 1 and, by Lemma 4.1, 
HF,) = 
1 
p(m-2)-m(m-3) 
m 1. 
Since the complete graph K, in F, varies from Kz to K,, we have 
max {t(F,)} =max p(m-2)~m(m-3)1-1 12<m<p}. 
Since the value of (p(m- 2)-m(m- 3))/m (where p is fixed) attains its maximum 
whenever m=&, we have 
b(G)=t(G)+l<max{t(F,)}+l 
= (P+3)J%-4P _1+, 
1 J2p 1 
as required. 0 
Remark. The bounds given in Theorem 4.2 are best possible. There are many graphs 
(such as cycles, complete graphs, Petersen graph, etc.) satisfying b(G)= 1. As for the 
upper bound, let G be a vertex gluing of KZn and a forest of size 2n(n- 1). Then by 
Lemma 4.1, b(G)=2n2-4n+3=rp+3-fil, where p=IV(G)I=2n2. 
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5. Relations between z,(G)‘s 
Let G be a graph of order p. Recall that, for any integer c= 1,2, . . ..p- 1, we have 
z,(G)=min {gicBi<p-1). 
Thus, it is easy to see that zi(G)<zi+ l(G) for any connected graph G and any 
i=o, 1,2, . . . , p - 2. In the following theorem, we show a relationship between zi(G) and 
zip,,(G) for any i and n such that 16~~ idb(G). 
Theorem 5.1. Let G be a connected graph of order p, and i and n be integers satisfying 
1 <n<i<b(G). Then 
T,(C) ,p+n-i 
7(-n(G) p-i ’ 
Proof. We shall prove the result for n = 1. The rest follows by induction on IZ. Let i be 
an integer such that 2 d id b(G). Then 
i”‘(G) 
Z,(G)=- 
t+l-i 
for some t, i<t<p- 1 
and 
Ti_ l(G)= 
i’“‘(G) 
(s+ 1)-(i- 1) 
for some s,i-lbsdp-1. 
By the definition of ri_l(G), we have 
A”‘(G) A’“‘(G) 
(t+ 1)-(i- l)‘(s+ l)-(i-l)=‘iml(G)’ 
Thus, 
Ti(G) = 
i”‘(G) 
_>(t’t~~~~l))ii-l(G)>~~)~i-,(G), 
t+l--l 
as required. q 
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